The light scattering problem for a confocal multilayered spheroid has been solved by the extended boundary condition method (EBCM) with a corresponding spheroidal basis. The solution preserves the advantages of the approach applied previously to homogeneous and core-mantle spheroids, i.e. the separation of the radiation fields into two parts and a special choice of scalar potentials for each of the parts. The method is known to be useful in a wide range of the particle parameters. It is particularly efficient for strongly prolate and oblate spheroids. Numerical tests are described. Illustrative calculations have shown that the extinction factors to converge to average values with a growing number of layers and how the extinction vary with a growth of particle porosity.
Introduction
A detailed knowledge of the optics of inhomogeneous (layered) non-spherical particles is required in many scientific and industrial applications. Numerical treatment of these particles is a very complicated problem, especially when the particle size is not small and (or) the particle shape appreciably deviates from spherical (see [1] [2] [3] for a review of available methods). However, for one of the simplest cases, multilayered spheroids, rather fast calculations of a high accuracy can be performed by the method of separation of variables (SVM) and the extended boundary condition method (EBCM). Both methods can be used with spherical or spheroidal basis so that the electromagnetic fields are expanded in terms of spherical or spheroidal wave functions, respectively [3, 4] . As a result, characteristics of scattered radiation can be calculated by using the same expressions. Note that the methods differ in formulation of the boundary conditions (see [4] for detailed discussion). However, the use of the spherical basis is not appropriate for particles of large eccentricity (with aspect ratios a/b > ∼ 1.5 − 2) that is why one needs to apply a spheroidal basis for these particles when geometry of the problem is sorely taken into account.
The first attempt to develop a solution for multilayered confocal spheroids by SVM with a spheroidal basis was made in [5] by using a recursive procedure when passing from one layer to the next. The paper did not contain calculations because they require solving a complex nonlinear matrix equation for the unknown expansion coefficients. Later the algorithm was modified by using the ideas presented in [6] and some numerical results were published in [7] for small particles with large refractive indices. Using the SVM approach, an exact solution for spheroids with non-confocal layers was obtained but the calculations were published for core-mantle particles only [8] .
Layered axisymmetric particles (including spheroids) were also treated by the T -matrix method (e.g., [9, 10] ) and generalized multipole technique or null-field method (e.g., [11] ). However, these methods did not provide the adequate numerical results for strongly nonspherical particles with a large number of layers (see discussion in [3] ).
In this paper, we consider the scattering of an arbitrary polarized plane wave by confocal multilayered spheroids. We have developed the recursive EBCM solution with a spheroidal basis suggested in [6] by taking into account inaccuracies found during our numerical realization of the algorithm (see also [12] ). Our solution is based on a special choice of scalar potentials which for any next layer can be found by using the potentials of the previous layer, the procedure starting from the particle core. These potentials are expanded in terms of spheroidal wave functions. The unknown expansion coefficients of scattered radiation potentials are determined by solving the systems of linear matrix equations. It is important to emphasize that the dimension of these systems for layered spheroids does not increase as compared to that for homogeneous spheroids which is contrary to the SVM (see, e.g., [13] ). Calculations show that the method suggested in this paper gives results of high accuracy and can be used in a wide range of the particle parameters. This confirms the conclusion made in [3] that the EBCM with a corresponding spheroidal basis is more preferable in the treatment of multilayered confocal spheroids.
Formulation of the Problem
The problem of electromagnetic light scattering by a multilayered spheroidal particle is solved in the prolate and oblate spheroidal coordinate systems (ξ, η, ϕ) which are connected with the Cartesian system (x, y, z) in the following way [14, 15] :
, ϕ ∈ [0, 2π) for oblate coordinates; d is the focal distance. We assume that the particle is confocal. This means that the surfaces of layers coincide with the coordinate surfaces, and their equations can be written as
where j = 1, 2, . . . , N (N ≥ 3 is the number of layers, j = 1 for the outermost surface, i.e. the particle boundary, and j = N for the boundary of the core). For such particles, the major and minor semiaxes of the shell spheroids, a j and b j , satisfy the following conditions:
Let the time-dependent part of the electromagnetic field be exp (−iωt) and E, H be the vectors of the electric and magnetic fields, respectively. The vectors
to the field of the incident radiation, E (1) , H (1) to the field of the scattered radiation, E (2) , H (2) to the field inside the outermost layer, . . ., E (j) , H (j) to the field inside the (j − 1)th layer, . . ., E (N +1) , H (N +1) to the field the particle core.
We consider a plane electromagnetic wave with an arbitrary polarization propagating at an incident angle α to the rotational axis of the spheroid (or the z-axis; see Fig. 1 ). This wave can be represented as a superposition of two components (the magnetic fields can be obtained from the electrical ones by using Maxwell's equations): (a) TE mode
Here i x , i y , i z are the unit vectors in the Cartesian coordinate system, k i = √ ε i µ i k 0 is the wave number in a medium with the complex permettivity ε i and the magnetic permeability µ i , k 0 = 2π/λ 0 and k 1 = 2π/λ 1 are the wave numbers in vacuum and the medium outside the particle, respectively. As it has been previously shown in [16] (see also [13, 17] ), in the case of axisymmetric particles, the scattering problem can be solved independently for each term of the Fourier expansion of the vectors E (i) and H (i) in terms of the azimuthal angle ϕ. In the following, we represent all electromagnetic fields as
2 , i = 0, 1, 2, . . . , N + 1 (6) so that E are solved independently of one another.
Solution to the Axisymmetric Problem
Let us consider the scalar potentials
where
1ϕ are the ϕ-components of the vectors E
1 (i = 0, 1, 2, . . . , N + 1). If we remove the cos ϕ factor, these potentials coincide with the Abraham potentials within the [16] . It follows from Maxwell's equations that the scalar potentials satisfy the wave (Helmholtz) equations
The remaining components of the electromagnetic fields E
1ϕ can be expressed in terms of their azimuthal components. Note that the axisymmetric problem is solved independently for potentials P and Q, i.e., for the TE and TM waves.
In the case of the TE mode (see Eq. (4)), the boundary conditions (the continuity of the tangential components of the electromagnetic fields at the interfaces) should be rewritten as
∂ξ ,
where j = 2, 3, . . . , N. Let us next formulate the problem in the form of surface integral equations. We can represent the potential P (j) of the radiation in the (j − 1)th shell of the particle as (j = 2, 3, . . . , N + 1)
where P
A has no singularities in the region D j−1 (and hence in the region D j enclosed by the surface S j ) and the potential P , that is, P (N +1) B = 0. Within the framework of EBCM, we obtain the system of surface integral equations (see [6] for more details)
is the Green function of the wave equation with the wave number k j , j = 2, 3, . . . , N.
The scalar potentials can be expanded in terms of the spheroidal functions [15] 
where j = 2, 3, . . . , N + 1. For the incident radiation we obtain the following coefficients [13, 17] : (a) TE mode (see Eq. (4))
(b) TM mode (see Eq. (5))
Here, R
(1),(3) ml (c j , ξ) are the prolate radial spheroidal functions of the first and third kinds, S ml (c j , η) the prolate angular functions with the normalization coefficients N ml (c j ) [15] , and the parameter c j = k j (d/2).
For the expansion of the Green function in terms of the spheroidal functions, we have [15] :
. We substitute Eqs. (15)- (18), and (21) into the integral equations (12), (13) . Taking into account orthogonality of the angular spheroidal functions S ml (c j , η) cos mϕ on the surface of any spheroid, we obtain the linear algebraic equations for the unknown expansion coefficients of the potentials considered. In the matrix notation, they have the following form (j = 1, 2, . . . , N): z
Above, we introduce the vectors specified by
where j = 2, . . . , N and the diagonal matrices
The matrix elements
are integrals of the products of the angular spheroidal functions [13] . To derive Eq. (30), we use expression for the Wronskian of the radial spheroidal functions [15] . Since z
= 0, the system of equations (22) can be easily solved relative to the expansion coefficients of the scattered radiation potential
where the coefficients of the incident radiation are given by Eq. (19) . The matrices A 1 and A 2 satisfy the relation
.
An important point is that the representation of Eqs. (32), (33) in the recursive form needs only one matrix inversion in contrast with the T-matrix representation that requires inversions for each layer and one more at the last step (see discussion in [1] ).
For TM mode, the transformation of the above equations for potentials
l , and c
l . In order to obtain the corresponding systems for oblate spheroid one must use the standard replacements c → −ic, ξ → iξ and oblate spheroidal functions instead of the prolate ones. For example, in the case of oblate spheroids and TM mode, Eq. (23) can be written as:
Solution to the Non-Axisymmetric Problem
The second terms in Eqs. (6) can be represented in the following form: (a) TE mode
(b) TM mode
where the scalar potentials U (i) and V (i) satisfy the Helmholtz equations (8) .
In the case of TE mode (see Eq. (4)), the boundary conditions for scalar potentials have the form
where j = 2, 3, . . . , N. The boundary conditions for the potentials U (0) , U (1) and
can be written in a similar way to the axisymmetric part (see Eqs. (9), (10)). As in the case of the axisymmetric part, we can derive the integral equations for the scalar potentials U (j) and V
where ξ ′ = ξ j . The scalar potentials are expanded in terms of the spheroidal functions [15] 
where j = 2, 3, . . . , N + 1. For the TE mode, the coefficients that describe the incident radiation are equal to (see [13, 17] )
For TM mode, the coefficients a (21) into integral equations (37) and (38), we obtain infinite systems relative to the unknown expansion coefficients. The systems can be written in the matrix form (j = 1, 2, . . . , N)
where the vectors and matrices have the block structure
and I = {δ nl } ∞ m is the unit matrix. Here, m is the azimuthal index that runs from unity to infinity. The subscripts and superscripts of the matrices have the same meaning as in the previous section. The elements of the remaining matrices in Eq. (46) can be obtained from Eqs. (47)-(50) as explained above (see Eqs. (23)
-(26)). The matrix elements Γ
are the integrals of products of the angular spheroidal functions and their derivatives (see [13, 17] ).
The system (44) can be easily solved for the expansion coefficients of the scattered radiation potential (cf. Eq. (22)) Z
A ,
and the matrices A 1 and A 2 satisfy Eq.(33) but have the block structure (see Eq. (46)).
For the TM mode, we can obtain infinite systems for the unknown expansion coefficients of the scalar potentials by replacing µ j → ε j , ε j → µ j in the above relations. Note that in the case of µ j = 1, their form is much simpler than in the corresponding case of the TE mode (see also [13, 17] ).
Characteristics of Scattered Radiation
Using the expansion coefficients of the scattered field for the TE and TM polarizations, we can calculate elements of the scattering matrix (see the corresponding expressions in [13] ) and the integral characteristics of the scattered radiation (e.g., the cross sections of a particle for extinction C ext , scattering C sca , absorption C abs , and radiation pressure C pr ). These cross sections are products of the corresponding efficiency factors Q and the viewing geometric cross section of a spheroid (the area of the particle shadow)
for prolate spheroids,
for oblate spheroids (57) and a 1 and b 1 are the major and minor semiaxes of a multilayered spheroid. The efficiency factors for extinction can be found as
where, as above,f = 1 for prolate spheroids andf = −1 for oblate ones. Expressions for other factors are given in [13, 17] . To compare the optical properties of particles of various shape, the cross sections can be normalized by the geometric cross section of the equivolume sphere
C πr
Here, r V is the radius of the sphere with the volume equal to that of a given spheroidal particle. This radius can be defined as
for prolate spheroids, The optical properties of a multilayered confocal spheroid can be found if we put the type of spheroid (prolate or oblate), the number of layers N, complex refractive indices of all layers m j = n j + k j i, the outer aspect ratio a 1 /b 1 (a 1 and b 1 are the major and minor semiaxes), the total particle size parameter, and the relative ratios of volumes of the layers f j = V j /V total . The size parameter may be specified as
where r V is the radius of a sphere whose volume is equal to that of the spheroid, λ the wavelength of incident radiation.
The radial coordinates ξ j that define the boundaries of a layered particle, are connected with the corresponding semiaxes as
The efficiency factors can also be considered as a function of the size parameter 2πa 1 /λ given by
The ratio of layer volumes inside the surface j (j = 2, 3, . . . , N) to the total volume of a multilayered particle is determined by using the parameters ξ 1 and ξ j N l=j
The aspect ratios of internal layers can be calculated from the volume ratios by using the iterative procedure for prolate spheroids
where n = 1, 2 . . . and the initial value (ξ j ) (0) = ξ j−1 . For oblate spheroids, the parameter ξ j can be found by Newton's method
where n = 1, 2 . . . and the initial value (ξ j ) (0) = 0.
Numerical Results and Discussion

6.A. Computational Tests
The created computer code is based on our codes developed earlier for homogeneous [17] and coated spheroids [13] . In calculations of the radial spheroidal functions, we use their expansions in terms of the Legendre or Bessel functions, the solution to the corresponding differential equation, or Jáffe expansion for prolate functions according to the recommendations given in [18, 19] . The numerical code has been examined by using various tests that include internal control (see Table 1 ), a comparison with the known results for homogeneous and core-mantle spheroids and multilayered spheres [20] (Fig. 2) as well as a comparison with the calculations for multilayered spheroids based on the EBCM with a spherical basis [1] , the SVM with a spherical basis [3] , and the quasistatic approximation [21] . We also have considered absorbing and dielectric particles with a different number of layers and various aspect ratios.
For non-absorbing particles the efficiency factors for extinction and scattering are known to be equal for the same azimuthal index m: Q Table 1 shows the behavior of the efficiency factors in the case of radiation propagating along the rotation axis of a spheroid when the sums over m contain only one term, m = 1. A comparison with the results presented in [13] demonstrates that the convergence for multilayered spheroids resembles that for coated spheroids, i.e, it is not a function of the number of layers N. The convergence is determined by the particle size 2πa 1 /λ and is independent of its shape. The latter feature makes our solution with a spheroidal basis essentially different from the SVM or EBCM approach with spherical basis when convergence quickly degrades for spheroids with aspect ratios a 1 /b 1 > ∼ 1.5−2 [1, 3] . Note that our code allows one to calculate the optical properties of spheroids with the size parameters up to x V ≈ 15 − 20 including very elongated or flattened particles. The time of calculations grows with the increase of layers number as t ≈ N 1.2 , which is much faster as compared to other methods (t ≈ N 2.5−3 see discussion in [3] ). If the particles are nearly spherical, the optical properties of multilayered spheroids and spheres should be almost the same. We have considered various absorbing and dielectric particles and some results are shown in Fig. 2 where the relative differences in percents
are given. The values of ǫ are plotted as a function of the size parameter x V for particles with the aspect ratio a 1 /b 1 = 1.0001 and the volume ratios V j /V total = 0.33 (j = 1, 2, 3).
The aspect ratios of internal layers are equal to a 2 /b 2 ≈ 1.00016 and a 3 /b 3 ≈ 1.00021. The wavelike behavior is typical only for dielectric particles. For highly absorbing particles, the values of ǫ demonstrate a smooth, monotonous growth with increasing x V .
6.B. Particles with a Different Number of Layers
The model of multilayered spheroids gives wide opportunities to investigate both the shape and structure effects on the optics of composite particles simultaneously. As one of the first applications of the developed model, is our analysis of the idea to represent some composite interstellar grains by multilayered particles as suggested in [20] . We consider multilayered spheroids with different material layers cyclically changing inside a particle. The particles are assumed to be composed of amorphous carbon or silicate with varied volume fraction of vacuum. The chosen optical constants for carbon (m = 1.98 + 0.23i) and silicate (m = 1.68 + 0.03i) correspond to the wavelength λ = 0.55 µm.
The extinction efficiencies of equivolume layered prolate spheroids with a 1 /b 1 = 3 are compared in Fig. 3 . In this case, the aspect ratio of the innermost layer is equal to a 3 /b 3 = 4.91, a 9 /b 9 = 8.33 and a 18 /b 18 = 11.72 for 3-layered, 9-layered and 18-layered particles, respectively.
The size parameters of compact and porous particles are related as
where the particle porosity P (0 ≤ P < 1) is introduced as P = V vac /V total = 1 − V solid /V total and V vac and V solid are the volume fractions of vacuum and solid material, respectively. As in the case of layered spheres (see [20, 22] ), the scattering characteristics of layered spheroids slightly depend on the order of materials and become close to some "average" ones, when particles consist of many layers ( > ∼ 15 − 20). The convergence of the extinction factors seems to be better for oblique incidence and oblate particles and larger aspect ratios. Such a behavior is typical for other efficiencies (scattering, absorption), albedo and the asymmetry parameter.
6.C. Particles of Different Porosity
The difference in the optical properties of compact and porous particles is clearly seen in Fig. 4 which shows the size dependence of normalized cross sections as given by Eqs. (59), (60). The compact and porous particles have the same mass for the same size parameter. This means that variations of the extinction are related to the changes in the particle shape, orientation, porosity, and the particle type (prolate or oblate). As follows from Fig. 4 , the position of the first maximum shifts to larger size parameters with a growth of porosity. For very large particles, the normalized cross sections of compact and porous particles cease to fluctuate and become rather similar.
The role of porosity in dust optics can be properly analyzed by using the normalized cross sections C (n) = C(porous grain) C(compact grain of same mass and shape)
Q(porous grain) Q(compact grain of same mass and shape)
The quantity C (n) shows how porosity can increase or decrease the cross section. Such an investigation was performed in [22, 23] for spherical particles. Figures 5, 6 show the extinction cross sections C (n) computed for prolate and oblate spheroids with porosity P = 0.33 and 0.5. It is seen that the behavior of curves
is rather complicated. The porosity increases the extinction for spheroids of almost all sizes and shapes that are seen pole-on (α = 0 • ) and decreases the extinction for spheroids that are seen edge-on (α = 90
Note that in the last case the curves are plotted for the sum of the TM and TE modes for non-polarized incident radiation. For very large particles, the normalized cross sections tends to approach to asymptotic values (70)) which are equal to 1.31 and 1.59 if P = 0.33 and 0.5, respectively.
Conclusions
The main results of the paper are as follows:
1. We have solved the light scattering problem for a confocal multilayered spheroid by using the extended boundary condition method (EBCM) with a corresponding spheroidal basis. Our recursive solution is based on a special choice of scalar potentials which for any next layer can be found by using the potentials of the previous layer, the procedure starting from the particle core.
2. The numerical code has been thoroughly examined by using various tests. They have demonstrated that the convergence of the efficiency factors for multilayered spheroids is not a function of layers number N and is independent of particle shape. These features make our solution with a spheroidal basis essentially different from the SVM or EBCM approach with spherical basis. Our code allows one to calculate the optical properties of spheroids with the size parameters up to x V = 2πr V /λ ≈ 15 − 20 (r V is the radius of equivolume sphere) including very elongated or flattened particles.
3. Illustrative calculations show the convergence of the extinction factors to average values with a growing number of layers. In the case of the large number of layers, the optical properties of layered particles slightly depend on the order of the materials and are determined by the volume fraction of the materials. Variations of extinction with a growth of particle porosity demonstrate increase of the extinction for spheroids of almost all sizes and shapes that are seen pole-on (α = 0
• ) and decrease of the extinction for spheroids that are seen edge-on (α = 90
List of The space is divided into N + 1 parts: the outer medium (1), the outermost layer (2), · · ·, the core (N + 1). The scattered field in the far-field zone is represented in the spherical coordinate system (r, ϑ, ϕ). Θ is the scattering angle. The origin of the Cartesian coordinate system is at the center of the spheroid while the z axis coincides with its axis of revolution. The angle of incidence α is the angle between the direction of incidence and the z axis in the x -z plane. Fig. 2 . Percent difference between three-layered spheres and three-layered spheroids ǫ defined by Eq. (68): m 3 = 1.7 + 0.0i, m 2 = 1.5 + 0.0i, m 1 = 1.3 + 0.0i, V j /V total = 0.33, a 1 /b 1 = 1.0001, α = 0
• , (•) -prolate spheroids, (•) -oblate spheroids. Fig. 3 . Size dependence of the extinction efficiency factors for layered prolate spheroids with a 1 /b 1 = 3. Each particle contains an equal fraction of carbon, silicate, and vacuum (the porosity P = 1/3) separated in equivolume confocal layers. The cyclic order of the different material layers is indicated (starting from the core). The effect of the increase of the number of layers is illustrated. Fig. 4 . Size dependence of the normalized extinction cross sections for 18-layered prolate and oblate spheroids with a 1 /b 1 = 3. Particles contain an equal fraction of carbon and silicate without vacuum (the porosity P = 0.0) or 50% of vacuum (the porosity P = 0.50). For a given value of the size parameter, the compact and porous particles have the same mass. The cyclic order of the different material layers is: carbon/vacuum/silicate (starting from the core). The effect of the increase of particle porosity and oblique incidence is illustrated. Fig. 5 . The normalized extinction cross sections (see Eq. (70)) for layered prolate and oblate spheroids with a 1 /b 1 = 3. For α = 90
• , the curves are plotted for the sum of the TM and TE modes. The effect of variation of particle type and orientation is illustrated. Fig. 6 . The normalized extinction cross sections (see Eq. (70)) for layered oblate spheroids. The effect of variation of particle shape is illustrated. Fig. 1 . Scattering geometry for a prolate spheroid with the confocal layered structure and a 1 /b 1 = 2. The space is divided into N + 1 parts: the outer medium (1), the outermost layer (2), · · ·, the core (N + 1). The scattered field in the far-field zone is represented in the spherical coordinate system (r, ϑ, ϕ). Θ is the scattering angle. The origin of the Cartesian coordinate system is at the center of the spheroid while the z axis coincides with its axis of revolution. The angle of incidence α is the angle between the direction of incidence and the z axis in the x -z plane. Fig. 4 . Size dependence of the normalized extinction cross sections for 18-layered prolate and oblate spheroids with a 1 /b 1 = 3. Particles contain an equal fraction of carbon and silicate without vacuum (the porosity P = 0.0) or 50% of vacuum (the porosity P = 0.50). For a given value of the size parameter, the compact and porous particles have the same mass. The cyclic order of the different material layers is: carbon/vacuum/silicate (starting from the core). The effect of the increase of particle porosity and oblique incidence is illustrated. (70)) for layered oblate spheroids. The effect of variation of particle shape is illustrated.
